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Abstract: The development of medium-term (days to years) probaliditycasts is be-
coming an increasingly important and realistic task in @ation with many geophysical
and other risks. In this talk | address two closely relatsdés which arise in connection
with the development and assessment of probability fotedas earthquakes, although
similar issues arise in many other contexts where the evertte forecast can be for-
mulated in point process terms. The first issue concernatiereént predictability of a
given stochastic model. This turns out to be closely assetiaith entropy, or entropy
rate, of the process, with the constant rate Poisson proepsssenting the maximum
entropy model in the point process context, and other peesebeing assessed by their
performance relative to that model. The assessment of piliigdorecasts can then be
thought of as an attempt to estimate their entropy rateivel&d a Poisson process. This
leads to a natural score statistic, the 'entropy score’ctvican be thought of as the aver-
age ’'probability gain’ for the forecasts, equivalently as@an likelihood per event. This
scoring method can be compared with more traditional sdesesed on reduction of the
forecasts to a 2 x 2 table of successes and failures relatiteet actual occurrence or
non-occurrence of forecast events.
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1. Introduction

The aim of this paper is to informally describe the matheoadtand statistical back-
ground to some issues which have become increasingly iaport the field of earth-
quake prediction.

Earthquake prediction is a term used with considerableaally present-day seis-
mologists. Several decades ago, hopes were unduly raiseac¢@ybination of observa-
tions and emerging theories that seemed to suggest thaingesmd reliable precursors
to large earthquakes were to hand. Alas. The observatiange@rhard to repeat, the
reliability of the proposed precursors proved to be low if negligeable, and the theo-
ries were superceded or abandoned. The profession of degyneas shamed, money
for research on earthquake prediction dried up, and piedittecame, and still largely
remains, a word better to be avoided.

Such high quality data demands a corresponding qualityerstatistical modelling
and analysis. From being an aspect of the theory which, taeqlieffreys (1939) 'is
quickly forgotten or altogether disregarded in physicahities.’ the probabilistic (or 'er-
ror’) term in models for earthquake occurrence became &iptasubject of study. It is



recognized that our knowledge of the underlying physicleast at the level of predicting
individual events, is still very limited, and that any reéili attempts at forecasting must
be associated with error statements or some explicit madedf the uncertainties. From
being a fringe topic, probability forecasting has becomew focus of attention in seis-
mology, with new initiatives, including internationallygported analysis centres, set up
to receive and evaluate proposed forecasting schemesarthtpiake prediction’ is out,
long-term, medium-term and even short term probabilitgéaisting is coming in.

Probability forecasts have not proved easy to sell to thegdpublic or to manage-
ment or to politicians. They require some kind of commitmintong-term strategies
whose immediate effectiveness may not be apparent. Themaaor issues concerning
the best way to present probability statements about fudweats, and their real useful-
ness in decision-making. But | do not want to touch on thesgeis here. Rather | want
to consider the mathematical issues of developing and sieggsrobability forecasts for
earthquakes and other phenomena which can usefully beseyesl as 'point processes’
- events which occur in time and space, which may have othepates of importance
such as size and orientation and even duration, but for wh&mteroccurrence times are
large compared to the durations, so that each event can beiassl with a single point
on the time axis.

2. Predictability of point process models

In a practical situation, forecasts will need to take intoamt not only the time of the
event, but also its magnitude, location, and possibly ddaures. We shall treat the mag-
nitude and location as marks, so that in principle the modehave in view is anarked
point process{t,, =, M, }. From a practical point of view again, forecasts are made for
discrete time intervals (day or month or year, etc) and fidisions of space and mag-
nitude. Thus the forecasts will take the form of a grid of ity statementgpy. .. ... }
governing the occurrence of an event in each gelk, m) of the grid (Gerstenberger,
Wiemer, Jones and Reasenberg, 2005).

Underlying the performance of the model, however, are ptagseof the process in
continuous time, and conceptual analysis is better donéhfercontinuous model than
for a discrete model with arbitrarily chosen divisions o tmderlying variables. When
the conceptual model is in place, the results for any disa@forecasting scheme can be
worked out in principle, using a combination of numericadl @mulation techniques.

The key to forecasting the behaviour of a point process isaritional intensity
A*(t), giving, in loose terms, the immediate risk of an event odngrin (¢, ¢ + dt) given
the past history of the process up to time

N (t)dt = E[AN(t) | Hy], (1)

whereH, is the history(o-algebra) of the process up to time
In a renewal process, () is just the hazard function of the distribution of inter-eve
times, evaluated at the elapsed time since the last-ooguerient:

. g t— tas
N (t) = h(t — tjast) = 1 _(G(t —l ti) )

whereg andG are the density and distribution functions, respectivalyhe inter-occurrence
time distribution.




In more general point processes(t) can still be interpreted as the hazard function,
but conditioned not only on the elapsed titael,,; but also on knowledge of the previous
history up untilt;,;.

This interpretation makes it relatively straightforwacddesign simulation routines
for point processes when the conditional intensity is knewplicitly as a function of the
past history. These simulation schemes can then form the ba&rward predictions:
at any time point the process can be simulated forward in time, based on theris
up to timet, and the probabilities of future events or combinationsveings assessed as
averages over a large number of such simulations. Examptefuather discussion can
be found, for example, in section 7.5 of Daley and Vere-J¢@663), and in the point
process section of SSlib (Brownrigg and Harte, 2005).

If the point process is marked (ie an MPP), with matkspace and magnitude in the
earthquake context) then the conditional intensity candmeeniently written in product
form as

A(L k) = Ag(t) f* (k) (2)

where f*(k|t) is the conditional distribution of the marks, given the gdastoryH,, and

Ay (t) is the conditional intensity of thground processf the occurrence times by them-
selves, irrespective of the mark (but note that the pasbiyistow incorporates informa-
tion on the marks as well as the occurrence times of pastg€vériie simulation routines
required for simulating future events then have to be exddnd include marks (generated
by the conditional distributiorf*(«|t)) as well as occurrence times, but this extends the
numerical computations involved in the routines rathenttheir inherent difficulty.

The conditional intensity function is not only a useful caeristic of the point pro-
cess, but also identifies it uniquely. It follows that if argeful meaning can be attached
to the concept of theredictabilityof a point process, it should be expressible in terms of
the conditional intensity. Let us consider for simplicibetcase of a stationary (in time)
simple or marked point process, with histories availabler ¢lre infinite past—oo, ¢).

Recall that theentropyof a discrete probability distributiol = {p,} is defined by
the quantity

H(T) = = prlog py. 3)

The entropy of a point process (or MPP) over a finite time irgkft, ¢ + A) is a more
complicated affair, for two reasons. The first is becauseast to take into account, not
just the number of events in the interval, but also their fioces within the interval. The
second is that since the locations are specified exactlyiméltontinuum, the entropy
as defined above becomes infinite, and meaningful resules toave obtained by taking
conditional entropies. Here the teiing p, above is replaced biyg(pi/p}) wherepy is a
convenientreference probability distributioavhich in this context is most conveniently
taken to be that of a stationary Poisson process with the saarage rate, say. as the
original process. In the case of an infinitesimal intefvat + dt), either no events occur
in the interval, or just one does, with (conditional) prottiab \*(¢)d¢. Taking out the
conditioning we are left with the expression

X;r(f)}dt = G dt 4)

E {)\*(t) log

for the increment in the relative entropy. From statioyattie coefficient oflt is inde-
pendent of, and defines th#@formation gain per unit timé&' of the given process relative



to the Poisson process with the same rateAlternatively, we may divide by the mean
ratem = E[\*(t)] to obtain aninformation gain per evengayG. = G /m.

It is this quantityG, or its equivalents,, that we suggest as best representing the
predictability of the process. Itis essentially a normadizersion of the Kullback-Leibler
distance between the distributions of the given point pge@nd the nearest matching
Poisson process, both restricted to a finite interval. Thdiptability of a Poisson process
is then zero, which reflects its role as the point process makimum entropy subject to
a given rate.

Suppose we now think back to the problem of stating the pritibaforecasts in a
discrete-time setting. The analogous quantity to the d¢andil intensity is the conditional
probability p of an event occurring in the time intervat, n + 1), given the history of
the outcomes up ta. The expected valug[p; log p!] again describes an entropy rate, in
this case per time step. Again it is better to take as the aggtiof the logarithm the ratio
to a reference probability, say of iid trials with the sameexted probability of success
P, say. The resulting information gaifi[p;, log(p /p)] provides information about the
relative predictability of the two models over a single tistep in the discrete scheme.
Dividing by the length of this time step gives us again aniimfation gain per unit time.
It is then quite easy to show that the information gain fordlserete forecasting scheme
cannot exceed that of the continuous scheme (for one redsdarecasts are based on
less of the past history than the continuous scheme). Thumfbormation gain for the
underlying continuous time model not only provides a nuoarcharacteristic of the
model, but also an upper bound on the effectiveness of fetethat can be made from
any approximating discrete model.

A more formal treatment of these ideas is in Daley and Vereed§2004), with exam-
ples and illustrations in Harte and Vere-Jones (2005). Gntqoilar example from these
papers shows the information gains for a range of renewalgsomodels with gamma-
distributed interevent times. The information gain for agwal process can be written in
the form

sz[l—logm+/ooof(y)1ogf(y)dy : (5)

wherem is the mean rate anfiy) the density of the interevent distribution. Keeping the
mean rate constant, the highest gains are for the modelardatosest to deterministic,
or else have highly skewed (J-shaped) distributions, fepth very tight clusters (many
short intervals; occasional very large intervals) and mdjtferences from a Poisson
process.

For a MPP the information gain has to be averaged over the gairdifferent values
of the marks. The corresponding expression is

G = E|X(t,5)log m - E{)\;(t) log Aﬁft)} + ng{log f;(f&m, (6)

wherem,, is the ground rate anfi () is the stationary mark distribution. The reference
probability here is taken to be that associated with a comgdoisson process with the
same ground rate as the original process, and mark disoibagual to the stationary
mark distribution of the original process.

We conclude by noting that the above discussion assumeththatodel iscomplete
in the sense that it specifies not only the probability stecof the point process, but also
of any auxiliary quantities (precursors) which may be usedanstructing the forecasts.



In the case of gartial modelwhere the structure is known conditionally on the obser-
vation of the auxiliary quantities but their distributioemains unknown, the long-term
performance of forecasts also remains unknown, since tgtierm behaviour of the
precursors is not specified. For a complete model, expentatian be taken across the
joint distributions of both the auxiliary quantities anethbserved points of the process.

3. The assessment of probability forecasts

Early studies on the assessment of prediction schemes ased bn decision rules which
resulted either in ‘failure’ (the predicted result did natcar) or 'success’ (it did occur).
A probability forecasting scheme as such does not embodyleaigion rules; it merely
states the probability of any postulated future event,mgthie past. To bring such schemes
into play, an arbitrary decision rule - such as forecast éima¢vent will occur if its fore-
cast probability exceeds some given threshold - has to beseth This introduces an
undersirable element of arbitrariness into the assesspnec¢dure. Recently, however,
procedures have been developed for summarizing the infama a whole family of
such schemes, as the threshold probability is increaseu Zeso to one. In this section
we shall describe two possible procedures for assessirgapiliy forecasts for point
processes. The first is based on the ideas of informationigaimduced in the preced-
ing section, and the second on procedures for summarizfoghation over a family of
dichotomous schemes.

Before describing either approach let us first deal with dagstical issue. From the
classical statistical point of view, the crucial issue i$ smmuch assessing the forecast as
assessing the model. Tests of the model should encompésbased on the forecasts,
since the latter reflect only one aspect of the performandesomodel.

However, this point of view ignores the fact that the modey rba fitted by methods
which do not seek to optimize the forecasting performandb@inodel. It also ignores
the basic point that when the model is uncertain (the onaicettiing about earthquake
modelling!) errors in the model specification, or in the paeters within a specified
parametric form, need to be taken into account. In generalsafer to take a weighted
mixture of forecasts from a range of models than to base tlee#&st exclusively on any
one model, even if this last is optimal in some sense.

For the rest of the discussion, we consider only forecasta fitiscrete-time set-up,
and suppose that, by whatever procedure, the forecastbleiscaproduce a probability,
at each time step, that a specified event will or will not oosithin the forecast time
interval. Extensions to marked point processes, when tieedster allocates probabilities
to a range of possible outcomes associated with particudaksnare possible, but through
shortage of space we shall not deal with them here.

3.1 Praobability gainsand the entropy score

Let us again denote kyy, the forecast probability of the occurrence of an event at 8tep

n, and byp some kind of reference probability for the same event, fangxle the long-
run average probability. Therobability gairp;, /p is a natural measure of the performance
of a single forecast in the case that the predicted evenaliytoccurs. Similarly(1 —
p:)/(1 — p) is a natural measure of the performance when it does not.ottar good
forecasting scheme, both should be above unity most of it ti



Taking logarithms, and then taking averages overthel sequence of eventx,,,
n=1,2,..., N we obtain theentropy score

N
G = (1/N) Yo { X, loglp/p] + (1= X)) logl(1 = 3)/(1 = p)}. 7)
1

which is nothing other than the mean log-likelihood rdtigN) log[ L%,/ LS|, whereL3,
is the likelihood of the forecast probabilities, considkes a chained sequence of de-
pendent trials with prescribed conditional probabilitiasd LY, is the likelihood for the
reference model. The expected value of this quantity reverthe information gair-
when the model used for forecasting is the true model. Ingéitecan be interpreted as
the difference in the Kullback-Leibler distances betwdsnforecast model and the true
model, and the reference model and the true model. In a séaicituation, we expect
the sample valu€ y to converge to its expected value; this leads to the pokgiboi
usingGy — G as a statistic for testing the goodness of fit of the model tsegnerate
G (Bebbington, 2005). The use of the entropy score is noticéstr to situations where
the probabilities are generated from a complete model foptint process. It can be just
as useful when dealing with a partial model, or a purely addpecification of the proba-
bilities. By restricting the summation to special classesvents (for example the events
successfully predicted, or those not predicted, or theteweithin a certain distance range
of the observation station, etc, it can be used to provideftlehsights into the behaviour
of the forecasts and of the process under study (cf the digousf forecasts based on
electrical signals in Zhuang al. (2005)).

3.2 The R-score and the Molchan diagram

Continuing the discussion and notation from the previoutiae, we consider the com-
monest type of decision rule based on a probability forecashely to take action (mean-
ing in most situations to predict the occurrence of the évéind only if p* lies above
a certain thresholgd,. The choice of thresholg, is somewhat arbitrary, but in principle
should be based on a cost-benefit analysis of the costs efdaiff outcomes. A common
choice is to take, = 7, although this can lead to considerable overforecastirgwthis
small, and in such a situation should be adopted only whendkeof a failure to predict
is substantially higher than the cost of a false alarm.

This framework sets up the basis for classifying the resul® x 2 table, with entries,
reading clockwise from the top left corner,

(a) number of successful forecasts of occurrence,

(b) number of failures to predict,

(c) number of successful forecasts of non-occurrence,
(d) number of false alarms.

Let X,, denote the occurrence of the event of interest at timandY,, the issuance
of a forecast for its occurrence at time Thena = YV X, Y,; b = 2V X, (1 —
V) e=x(1-X,) (1 -Y,)andd = ¥7'(1 - X,)Y,. Dividing the table entries by
N, to convert the numbers into proportions, and assumingstaity, the corresponding
expected values can be written as

pa=E[XY], py=E[(X(1-Y)], pe = E[(1 - X)A-Y)], pa = E[(1 - X)Y"

The long-run proportion of the ‘time on trial’, namely theoportion of time periods
for which an event is forecast, is then the probabitity: E[Y], while the long-run prob-



ability of occurrence of an event is = FE[X]. Another important characteristic is the
proportion of occurrences in which there is a failure to pgdvhich can be approxi-
mately represented as= E[X (1 — Y)]/E[X].
The commonest score derived from such a table igHhessen-Kuiper skill scorer
R score
ac — bd a d c b

= o erd) “axb c4d ctd axb

(8)

The middle form, for example, can be interpretated as thpgtmn of events success-
fully forecast, less the proportion of false alarms out @f tibtal number of non-events.
Using the above notations,

T
R_ 7_<1_7_> [(1 V) T]’ (9)
showing that the essential contribution to tRe- score comes from the difference be-
tween the proportion of successfully predicted events hagtoportion of time on trial.

In the case of random forecasis,andY” are independent sB(XY)/E(X) = E(Y),
that is,1 — v = 7. Thus the long-run R-score should be zero. In the case oégterf
prediction,Y = X, so E[XY] = E[X?] = E[X],andv =0, 7 = 7, SOR = 1.
Similarly in the case of perfect anti-predictioi,= —1.

(Molchan, 1990) suggested the following extension of thecpdures derived from
the2 x 2 table, assuming that this is based on the number of probatutecasts over a
nominated thresohold. For every possible threshgld < py < 1, plot the proportion
of failures to predict

c
a—+c

against the fraction of time on forecast

v(po) =

a+b
a+b+c+d

The resulting — 7 diagram provides a comprehensive summary of the behavfour o
the probability forecasting scheme. In the case of puraetgoan forecasts, as we have
seeny = 1 — 7, and the diagram consists of the diagonal joining the pdint$) and
(1,0). In more general cases, the diagram typically consists afr@ex (downwards)
curve lying below the diagonals, and reducing to the f@o ) segments of the axes in
the case of perfect prediction.

In fact ther — 7 plot is essentially a Q-Q (quantile-quantile) plot of twatdibution
functions against each other, the first of the distributibihe time on trial, and the second
(in the opposite sense) of the proportion of failures to mted-urther analysis is given
in Daley and Vere-Jones (2004), where it is shown that theecwill be convex at every
point where an increase in the predicted probability thaetent will occur is associated
with an increase in the actual probability of its occurrerideer — 7 curve based on the
true probabilities lies always below the lime= 1 — 7, and is always convex downwards.
The more predictable the process, the more rapid the iohighge in slope, and the closer
the graph approaches to the extreme case of perfect predidlioreover, the curve based
on use of the true probabilities provides a lower envelopéhfer — r curves generated
by other prediction schemes.

7(po) =



Finally, we consider the connection between the entropyes@oformation gain) and
the Molchan diagram. Although in principle the former cambigten down in terms of an
integral involving the same quantities entering into thestauction of Molchan diagram,
there does not seem to be any simple way of relating the cartreetinformation gain. It
is one numerical characteristic of the forecasting schéunmethere are many others, such
as the area between the curve and the diagonal, which caddealused to characterize
the predictability of the model. Again some further dis¢osss given in Harte and Vere-
Jones (2005).
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